Abstract. We address the geography problem of relatively minimal Lefschetz fibrations over surfaces of nonzero genus and prove that if the fiber-genus of the fibration is positive, then 0 ≤ c 2 1 ≤ 5c 2 (equivalently, 0 ≤ c 2 1 ≤ 10χ h ) holds for those symplectic 4-manifolds. A useful characterization of minimality of such symplectic 4-manifolds is also proved.
Introduction
It is a longstanding problem of 4-dimensional manifold theory to determine which simply connected topological 4-manifolds support irreducible smooth structures. (A smooth 4-manifold X is called irreducible if for every decomposition X = X 1 #X 2 either X 1 or X 2 is homeomorphic to the 4-sphere S 4 .) Using Seiberg-Witten theory it was shown that simply connected minimal complex surfaces are irreducible -the determination of the homeomorphism types of those (frequently called the geography problem of complex surfaces) has been essentially answered. Coupling theorems of Donaldson [D1] and Freedman [F] we get that the homeomorphism type of a smooth simply connected 4-manifold X is determined by the fact whether it is spin, by its signature σ(X) and by its Euler characteristic e(X). (Instead of the latter two numerical invariants we will rather use χ h (X) = 1 4 (σ(X) + e(X)) and c 2 1 = 3σ(X) + 2e(X).) It has been proved that if S is a minimal, simply connected complex surface, then either c 2 1 (S) = 0 (and χ h (S) ≥ 0 is arbitrary) or c 2 1 (S) > 0 and 2χ h (S) − 6 ≤ c 2 1 (S) ≤ 9χ h (S) [BPV] . The latter two inequalities are called the Noether-and Bogomolov-Miyaoka-Yau (BMY) inequalities. Note that c 2 1 (S) ≤ 9χ h (S) is equivalent to c 2 1 (S) ≤ 3c 2 (S) and obviously c 2 (S) = e(S) holds. (Persson and his collaborators [P] , [PPX] essentially showed that the above mentioned are the only constraints.) Remark 1.1. Although in the above discussion we restricted our attention to the simply connected case, the inequality c 2 1 (S) ≤ 3c 2 (S) is, in fact, satisfied by complex surfaces (with b + 2 (S) > 1) of arbitrary fundamental groups. Because of their deep and surprising connections with Seiberg-Witten theory, the study of symplectic 4-manifolds became a central subject of 4-manifold theory. Consequently, the above geography question can be extended to the symplectic case; note also that minimality can be easily adapted in the symplectic category. By fundametal results of Taubes [T2] we have that minimal (simply connected) symplectic 4-manifolds with b + 2 > 1 are irreducible and satisfy c 2 1 ≥ 0 [Ko] . (For more about results concerning the geography of symplectic 4-manifolds see [S1] and [GS] .) The symplectic version of the BMY-inequality is, however, still missing. Remark 1.2. Note that since by definition c 2 1 (X)+ c 2 (X) = 12χ h (X), for manifolds with c 2 (X) = e(X) = 2 − 2b 1 (X) + b 2 (X) ≥ 0 we have c 2 1 (X) ≤ 12χ h (X). If, in addition, we assume that the 4-manifold X is simply connected, then c 2 1 (X) ≤ 5c 2 (X) (equivalently, c 2 1 (X) ≤ 10χ h (X)) can be easily shown (see Remark 2.4). Note that for all known irreducible 4-manifolds c 2 1 ≥ 0 holds; by reversing the orientation this gives that for all known irreducible 4-manifolds we have c In the present note we address a similar question for Lefschetz fibrations; we will show the following: Note that such 4-manifolds necessarily have b 1 (X) ≥ 2; hence the reasoning given in Remark 2.4 does not apply. Since in geography we are most concerned about minimal manifolds, we will prove the following simple characterization. In conclusion, as a consequence of the above theorems we derive Theorem 1.5. If f : X → Σ is a relatively minimal Lefschetz fibration and g (F ) ,
Remarks 1.6. (1) By a theorem of Gompf [G] , [GS] most Lefschetz fibrations admit symplectic structures -the exceptions all have fiber-genus 1 and are blow-ups of torus fibrations with no critical points; these exceptions can be analyzed by other methods. Hence Theorem 1.3 deals with a part of the geography problem for symplectic 4-manifolds having nontrivial fundamental groups.
(2) By a recent result of Donaldson [D2] each symplectic 4-manifold X can be blown up to admit a Lefschetz fibration. These fibrations are over CP 1 ; hence our theorem does not cover this general case.
(3) Using various standard constructions [FS2] , [S2] it can be shown that most pairs (a, b) ∈ N × N satisfying b ≤ 3a correspond to relatively minimal Lefschetz fibration via a = c 2 and b = c 
Lefschetz fibrations
We begin with a brief summary of the basics of Lefschetz fibrations.
Definition 2.1. Suppose that X and Σ are smooth, closed, oriented manifolds of dimensions 4 and 2 respectively. A smooth map f : X → Σ is called a Lefschetz fibration if each critical point of f admits an orientation-preserving coordinate chart
. The (finite) set of critical points is denoted by C. Fibers disjoint from C are called generic fibers, while the ones intersecting C nontrivially are the singular fibers. The genus g (F ) of the generic fiber F is called the genus of the Lefschetz fibration. A Lefschetz fibration is relatively minimal if there is no fiber which contains a sphere of self-intersection −1.
Examples 2.2.
(1) Genus-0 Lefschetz fibrations are easy to classify: if such a fibration is relatively minimal, then it does not contain critical points at all. Consequently, a relatively minimal genus-0 Lefschetz fibration is simply an S 2 -fibration over Σ. On the other hand, S 2 -fibrations are easy to describe: depending on the parity of the intersection form Q X , the 4-manifold X is diffeomorphic either to S 2 × Σ or to S 2× Σ. Easy computation shows that in both cases c
holds. Note that the above case is excluded from Theorem 1.3. In the following we will always assume that the genus of the Lefschetz fibration under study is positive.
(2) The genus-1 case has been extensively studied by Matsumoto [M] ; in particular, it has been shown that if f : X → Σ is a genus-1 Lefschetz fibration, then c 2 1 (X) = 0 and c 2 (X) ≥ 0; see also [GS] .
(3) Note also that if the relatively minimal Lefschetz fibration f : X → Σ has no critical points (i.e., X is a surface bundle over Σ), then g (F ) , g(Σ) > 0 implies π 2 (X) = 0; consequently, in particular, such X necessarily does not contain a sphere with square −1.
Lemma 2.3. For a 4-manifold
Proof. The estimate on b 1 (X) follows trivially from the fact that X admits a handle decomposition with 2k + 2l 1-handles. This can be seen in the following way.
our Lefschetz fibration is a fiber bundle); then
by gluing 2-handles only [Ka] , [GS] . Note that F × D 2 admits an obvious handle decomposition involving 2k 1-handles (and a single 2-handle). Now to complete the handle decomposition of X we have to add one 1-handle, 2k 2-handles and a 3-handle to f −1 (D 2 ) for each 1-handle of Σ [GS] . (The decomposition then will be finished by gluing another copy of F × D 2 on the top of the previous handles, meaning the addition of one 2-handle, 2k 3-handles and a 4-handle.) Since Σ is of genus l, the above procedure requires the addition of 2l 1-handles to f −1 (D 2 ); consequently it proves b 1 (X) ≤ 2k + 2l.
For proving the estimate on b − 2 (X), we will find 2kl pairs of linearly independent tori in X each of square 0 such that each pair forms a hyperbolic pair H = 0 1 1 0 in the intersection form of X. To see this, fix a 1 , b 1 , . . . , a l , b l and α 1 , β 1 , . . . , α k , β k circles in Σ and F respectively, satisfying a i ∩ a j = ∅, a i ∩ b j = ∅ (for i = j) and a i ∩ b i = {pt.} (and similar relations for α's and β's). (The obvious circles on a surface of genus l and k will provide such collections.) Next, push each circle radially away from itself to get a 1 , b 1 , . . . , a l , b l and α 1 , β 1 
. . , l; j = 1, . . . , k} give the appropriate collection of homology elements in X. Extending this collection to a basis of H 2 (X; Z) we get a presentation of the intersection form Q X as 2kl · H ⊕ Q . It is easy to see that the above tori can be chosen to be disjoint from a generic fiber of the Lefschetz fibration. Since the fiber is homologically essential -because g(F ) ≥ 2, hence it is a symplectic submanifold of the symplectic 4-manifold X (cf. [G] and Remark 1.6(1))-and its self-intersection is 0, we conclude that Q is not positive definite. Consequently b
, which inequality proves the proposition. 
Corollary 2.6. If f : X → Σ is a Lefschetz fibration as in Proposition 2.5, then
b 1 (X) ≤ b − 2 (X) + 1; hence c 2 1 (X) ≤ 5c 2 (X).(X) − b − 2 (X) − 1) ≤ 5c 2 (X).
Minimality of Lefschetz fibrations
This final section is devoted to the proofs of Theorems 1.4 and 1.5. Obviously, if X is minimal, then any Lefschetz fibration on X is relatively minimal (since there is no sphere in X with self-intersection −1 at all). Note that if f : X → Σ is a torus bundle, then Example 2.2(3) proves Theorem 1.4 in that case. Hence in the following we will assume that f : X → Σ is not a torus bundle, cf. also Remark 1.6(1). Similarly, we will assume that the genus of the generic fiber is positive; hence b + 2 (X) > 1 (cf. Example 2.2(1)). Before proving the converse of Theorem 1.4 in general (i.e., that a relatively minimal Lefschetz fibration with g(Σ) > 0 has minimal total space), however, we need a little preparation.
A Lefschetz fibration f : X → Σ can be perturbed to another Lefschetz fibration f : X → Σ with critical points C such that f is injective on C (i.e., a singular fiber contains a unique critical point). It is easy to see that this perturbation can be done locally around each singular fiber; consequently f is relatively minimal iff f is. Hence, without loss of generality, we might assume that f : X → Σ is injective on the set C of critical points.
A fiber f −1 (t) (t ∈ Σ) is an immersion of a (possibly disconnected) Riemann surface R. In case f −1 (t) is regular, or singular and the corresponding vanishing cycle is nonseparating, R turns out to be connected. If the vanishing cycle corresponding to a singular fiber is separating, then the fiber is the image of the union of two connected Riemann surfaces R 1 ∪ R 2 ; in this case we have [
(Recall that we assumed the injectivity of f on C. For proofs of the above statements see [Ka] and [GS] .) Consequently:
Lemma 3.1. Suppose that f : X → Σ is a Lefschetz fibration and f is injective on C. If R is a Riemann surface embedded in a fiber of f , then either
For a Lefschetz fibrations f : X → Σ we can equip X with a symplectic structure ω (see [G] , [GS] ) -note that the blown up torus bundle case has been treated separately, so can be excluded here (cf. Remark 1.6). In fact, following the proof of Gompf, we can find an ω-compatible almost-complex structure J on X and an almost-complex structure J 0 on Σ such that the map f : X → Σ is pseudoholomorphic, i.e.,
Remark 3.2. Gompf proves the existence of a symplectic structure by first fixing symplectic forms on the complex coordinate charts around points of C and then extending those forms to a global, closed (not necessarily nondegenerate) 2-form η on X which restricts to a symplectic form on each fiber. Now taking appropriate (compatible) almost-complex structures along the fibers, and pulling back an arbitrary almost-complex structure J 0 of Σ to the η-orthogonals of the tangents of the fibers in each tangent space T p X via f , we get an appropriate almost-complex structure J which is compatible with the symplectic structure provided by the construction of Gompf. For further details see [GS] .
Applying the connection between Seiberg-Witten theory and symplectic topology, we will prove a theorem concerning symplectic 4-manifolds; this result will conclude the proof of Theorem 1.4. Theorem 3.3. Suppose that (X, ω) is a symplectic 4-manifold with a compatible almost-complex structure J and the homology class e ∈ H 2 (X; Z) with e 2 = −1 can be represented by a sphere. Under the above hypotheses there is an embedded pseudo-holomorphic sphere in (X, J).
For the proof we have to recall a few facts about the Seiberg-Witten invariants of X (cf. [W] ) and the relation of those with pseudo-holomorphic curves in X. Theorem 3.4 (Taubes, [T1] , [T2] ). If (X, ω) is a symplectic 4-manifold and b
Applying the generalized adjunction formula [KM] , [MSzT] , the nontriviality of the Seiberg-Witten invariant of a symplectic 4-manifold implies the following: 2 < 0.
Theorem 3.6 (The blow-up formula, [FS1] ). If M is a smooth 4-manifold, then
, where e denotes the generator of the
Note that if a symplectic 4-manifold X contains an embedded sphere of selfintersection −1, then X = X #CP 2 where X is symplectic and c 1 (X, ω) = c 1 (X , ω ) − P D(e). (Again, e ∈ H 2 (X; Z) generates the CP 2 -summand.)
Proof of Theorem 3.3. The application of Theorem 3.6 (together with the fact that X is symplectic, hence admits nonvanishing Seiberg-Witten invariants) gives that
hence by Theorem 3.4 we have that Gr X (e) = 0. This implies that the space H(e, J) of J-holomorphic curves representing e is nonempty. (In fact, Taubes proved that for a generic choice of J the above space contains finitely many points, and (counted with appropriate multiplicities) the cardinality of H(e, J) is equal to the SeiberWitten invariant SW X (c 1 (X, ω) + 2P D(e)).) The fact that H(e, J) is nonempty implies that there is an element {(C k , m k )} n k=1 ∈ H(e, J) where C k ⊂ X is a Jholomorphic curve and m k is an appropriate multiplicity (which is one, unless C k is a torus with square 0) with
(Note that tori with square 0 do not contribute to any of the above expressions; hence multiplicities can be disregarded.) Now g(
and the above said implies that
hence there is at least one index k for which g(C k ) = 0, i.e., C k is a J-holomorphic sphere. This concludes the proof of Theorem 3.3.
Proof of Theorem 1.4. As we mentioned before, if f : X → Σ is the blow-up of a torus bundle, then the classification of those bundles implies the result. (Also, we assume that g(F ) > 0; hence b + 2 (X) > 1 holds.) Equip X with a symplectic form ω (provided by the theorem of Gompf [G] , [GS] ) and a compatible almost-complex structure J for which f is a pseudo-holomorphic map. Assume that the 4-manifold X is not minimal, i.e., there is an embedded sphere S ⊂ X with [S] 2 = −1. Applying Theorem 3.3 for this sphere we find an embedding i : CP 1 → X such that the image is a J-holomorphic submanifold of X. Restrict f to i(CP 1 ); the resulting map f | i(CP 1 ) : i(CP 1 ) → Σ is a pseudo-holomorphic map. Note that an almost-complex structure on a Riemann surface is always integrable. Consequently f | i(CP 1 ) is a holomorphic map between two complex curves; standard argument gives that in case the genus g(Σ) is at least 1, the above map f | i(CP 1 ) is constant. This, however, implies that the sphere i(CP 1 ) is in a fiber of the Lefschetz fibration f : X → Σ. Since we assumed that b + 2 (X) > 1, Corollary 3.5 and Lemma 3.1 imply that [i(CP 1 )] = −1, and since this sphere is in a fiber, the Lefschetz fibration f : X → Σ is not relatively minimal. Hence we found that if X is nonminimal, then any Lefschetz fibration f : X → Σ with g(Σ) > 0 is not relatively minimal, which proves Theorem 1.4. Proof. By Theorem 1.4 the manifold X is minimal. Since b + 2 (X) > 1, the theorem of Taubes [T2] (showing that a minimal symplectic 4-manifold X with b + 2 (X) > 1 has c 2 1 (X) ≥ 0; see also [Ko] ) applies, concluding the argument.
Proof of Theorem 1.5. Putting the above inequality and Corollary 2.6 together, we conclude that if f : X → Σ is a relatively minimal Lefschetz fibration with g (F ) , g(Σ) > 0, then 0 ≤ c 2 1 (X) ≤ 5c 2 (X), which proves the assertion of Theorem 1.5.
Remark 3.8. Note that most of the above arguments do not apply in the case when g(Σ) = 0. There are plenty of examples of relatively minimal Lefschetz fibrations with nonminimal total spaces. (Take, for example, the rational elliptic surface: an elliptic fibration on the projective plane nine times blown up (≈ CP 2 #9CP 2 ).)
